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Abstract The spin-dependent electron transport corre-

lated with spin-flip dynamics in a molecular junction was

investigated in the wave-packet and Green’s function

approaches. The molecular junction adopted in this work is

described by a simple one-dimensional tight-binding chain

including a localized spin. The spin exchange coupling

J between the localized and conduction electron spins was

taken into account through the s-d Hamiltonian. The wave-

packet simulations showed that the transmission probabil-

ities in both the spin-flip and no-flip processes show large

peaks at the eigenvalues of the spin singlet (-3J/4) and

triplet (J/4) states, and that, different transmission proper-

ties appear at the mid-gap of the two eigenvalues: the spin-

flip process shows a moderate decrease, whereas the no-flip

process an abrupt drop. Dividing the s-d Hamiltonian into

two submatrices and referring to the molecular orbital

concept for the coherent electron transport, we found that

the moderate decrease in the spin-flip process at the mid-

gap is the result of a coherent-and-cooperative contribution

from the singlet and triplet states of the conduction and

localized electron spins, and that, the abrupt drop in the no-

flip process at the mid-gap is mainly caused by the coherent

cancellation from the singlet and triplet states. The

molecular orbital concept available for the electron trans-

port including spin-flip scattering processes is described in

Green’s function method, in analogy to the one derived for

the spinless electron transport.

Keywords Spin-dependent electron transport � Spin-flip �
Molecular junction � Wave packet � Green’s function �
Molecular orbital

1 Introduction

Localized spins in bulk materials, on substrates, and in

single molecules have been identified as attractive candi-

dates for nanoscale devices and information technology

[1–13] and have been detected using inelastic spin-flip

measurements [14–24]. When the localized spin is captured

in/on a metallic substrate or sandwiched between elec-

trodes, the system can be regarded as a metallic system

including a magnetic impurity as a localized spin. In the

magnetic impurity systems, the Kondo effect is a key

many-body effect for the spin-dependent electron transport

in which the direction of the localized spin is highly cor-

related with the spin-flip processes of many electrons in the

metal. The spin-dependent scattering states, however,

include multiple spin-flip processes, and thus, the identifi-

cation of the spin states from the measured current is a hard

task. In addition to this, the moderate couplings of a single

molecule with substrate or metallic nanowires make the

electron transport properties sensitive to the contact struc-

tures [25–32], resulting in the difficulty on the control of
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the electron transport through a single molecule. However,

the high self-assembling property of molecules on the

substrate is a quite attractive feature for the fabrication of

well-defined nanoscale device structures. Thus, the under-

standing and control of spin-flip dynamics in molecular

junctions will extend the possibility of a single spin on a

molecule in the field of nanoelectronics.

The wave-packet propagation is one of the powerful

theoretical tools for systems including complicated inter-

actions such as electron–phonon interactions because the

time propagation of the wave-packet can be carried out in a

straightforward manner using the system Hamiltonian. The

wave-packet propagations, thus, have been applied to vari-

ous issues (e.g., inelastic electron transport including elec-

tron–phonon couplings [33], ballistic-to-diffusive electron

transport [34], charged carrier migration in organic systems

[35], and phonon transport in nanostructures [36]). The

wave-packet approaches have been adopted also for spin

systems in a Hubbard model [37], but the details of the spin-

flip processes in nanostructures are not so clear, especially

for what can be represented in the wave-packet dynamics.

For example, the applicability of the wave-packet dynamics

including the spin-flip for the Kondo effect [15, 17–21] in

molecular spin systems is quite unclear, although the

advanced theoretical tools based on many-body Green’s

function are applicable for the Kondo effect [38].1

In this study, we carried out wave-packet simulations

and Green’s function calculations to investigate spin-

dependent electron transport in molecular junctions mod-

eled by a simple one-dimensional tight-binding chain

including the spin exchange coupling between conduction

and localized electron spins. We firstly simulate the elec-

tron spin conduction including spin-flip processes based on

the wave-packet approach and analyze the spin-flip pro-

cesses caused by the spin exchange coupling. In this study,

we use the term spin-flip transport to express the spin-

dependent electron transport correlated with the spin-flip

dynamics on a single molecule. Based on the simulated

spin-flip transport, we characterize the spin-dependent

transmission probabilities in a spin subspace constituted by

a direct product of conduction and localized electron spins.

In the characterization, we first found that the spin-flip

transport is classified into the two cases, flip and no-flip

processes, and second found that the classification in turn

enables us to represent the spin-flip transport in Green’s

function method in the coherent regime in which spin-flip

transport is successfully characterized with a molecular

orbital concept. The orbital concept for the spin-flip

transport corresponds to a simple extension to the one

derived in spinless cases proposed by one of the authors

[39]. Finally we have figured out how the incoherent spin-

flip processes that are automatically included in the wave-

packet dynamics are represented in the Green’s function

approach in order to determine what is and more impor-

tantly what is not included in the wave-packet simulations.

2 Wave-packet scattering dynamics for the spin-flip

transport

The one-dimensional tight-binding model adopted in the

spin-flip simulation is shown in Fig. 1. The Hamiltonian of

this system can be represented in the s-d model [40] (see

also Appendix 1), and the matrix elements are shown as

H ¼
HL t

y
L 0

tL Hs t
y
R

0 tR HR

0
B@

1
CA; ð1Þ

where

HL ¼

1
CCCCCCCCA

0
BBBBBBBB@

� � � s� 4# s� 3" s� 3# s� 2"

..

. . .
. . .

. . .
. . .

.

s� 4#
. .

.
e0 0 �t 0

s� 3"
. .

.
0 e0 0 �t

s� 3#
. .

.
�t 0 e0 0

s� 2" 0 �t 0 e0
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ð2Þ

Hs ¼

1
CCCCCCCCCCA

0
BBBBBBBBBB@

s� 2# s� 1" s� 1# s"+ s#* sþ 1" sþ 1# sþ 2"

s� 2# e0 0 �t
s� 1" 0 e0 0 �t0

s� 1# �t 0 e0 0 �t0

s"+ �t0 0 �J
4

J
2

�t0

s#* �t0 J
2

�J
4

0 �t0

sþ 1" �t0 0 e0 0 �t
sþ 1# �t0 0 e0 0

sþ 2" �t 0 e0

;

ð3Þ

t t t t’ t’ t t t

J
S

Fig. 1 Tight-binding one-dimensional model including a localized

electron spin. The gray atom (or molecule) is coupled to a localized

spin (black) through the spin exchange coupling J, and is sandwiched

between the one-dimensional electrodes (white). The nearest neighbor

hopping integrals are represented by t and t’

1 The accuracy of the calculations based on the many-body Green’s

function depends on how the electron-electron interaction is reason-

ably truncated in self-energy through the Feynman diagrams. It

requires technical skills and experience with Feynman diagrams. On

the other hand, in the wave-packet simulations, the wave-packet

propagates without any approximations, which is much simpler than

in the many-body Green’s function, although whether the wave-

packet simulation using the s-d Hamiltonian is applicable for the

many-body effect is unclear.
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HR ¼

1
CCCCCCCCCA

0
BBBBBBBBB@
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tL ¼

1
CCCA

0
BBB@

� � � s� 3" s� 3# s� 2"

s� 2# � � � 0 �t 0

s� 1" 0 �t
s� 1# 0

..

. ..
.

; ð5Þ

and

tR ¼

1
CCCA

0
BBB@

� � � sþ 1" sþ 1# sþ 2"

sþ 2# � � � 0 �t 0

sþ 3" 0 �t
sþ 3# 0

..

. ..
.

: ð6Þ

In these matrix elements,2 s is the site number of the

sandwiched atom (atom S) coupled to the localized spin.

The symbols, " and #; correspond to the spin directions of

electrons, and * and + are those of the localized spin. In

this study, we focused our attention on the anti-ferromag-

netic coupling between the conduction and localized

electron spins "+ and #*; because the ferromagnetic ele-

ments "* and #+ do not lead to the spin-flip processes (see

Appendix 1). The on-site energy e0 and hopping integral in

electrodes t are, respectively, set to be 0 and 1 in this study.

Using the Hamiltonian matrix, we can propagate wave

packets in the Crank-Nicholson scheme [41], in which the

norm of the wave packet is completely conserved (see

Appendix 2).

wðxi; t þ DtÞ ¼
1þ 1

i�h
Dt
2

H

1� 1
i�h

Dt
2

H
wðxi; tÞ: ð7Þ

The index xi is the position of the i-th site, and Dt is the

time step in the wave-packet propagation. In a practical

way for solving the equation, we adopted an alternative

form of Eq. 7 as

wðxi; t þ DtÞ ¼ v� wðxi; tÞ; ð8Þ

where v is calculated from the following equation, in which

a function Q is defined as Q ¼ 1
2

1þ i Dt
2�h H

� �
;

Qv ¼ wðxi; tÞ: ð9Þ

Since the Hamiltonian matrix in the present model is a

band matrix, the linear equation for the propagation of

wave packets is convenient with respect to the computa-

tional time and memory saving.

The number of the sites in the whole system is 10,000 in

total, and thereby the size of the Hamiltonian matrix H is

20,000 9 20,000. The spin site s is equal to the mid-

position of the system, 10,000. As for the initial wave

packet, we constructed the spin-up Gaussian wave-packets

from the eigenvectors of the one-dimensional electrode

[42].3 To prepare wave-packets having a sufficiently fine

energy resolution, Gaussian wave-packets with the broad-

ening width of about 1,200 sites were adopted in this study

(see Appendix 3 for the details of the computational con-

ditions and the units used in this study).

Figure 2 shows a typical dynamics of the wave-packet

with the energy of the Fermi level of the one-dimensional

electrode. The initial packet at 0 fs is perfectly polarized to

the up-spin, and its velocity is oriented to the right direc-

tion. When the wave-packet reaches the site of atom S, a

portion of the wave-packet is reflected or transmitted by the

hopping integral t0; accompanied by the spin-flip processes

caused by the spin exchange coupling J. Counting the

amplitudes of transmitted wave-packet in the right elec-

trode, we can calculate transmission probabilities in terms

of spin-flip processes (i.e., up-to-up (: - :) and up-to-

down (: - ;)) as

T"�"ðEÞ ¼

P
i2R

jwE
" ðxi; t1Þj2

P
i2L

jwE
" ðxi; t0Þj2

; ð10Þ

and

T"�#ðEÞ ¼

P
i2R
jwE
# ðxi; t1Þj2

P
i2L

jwE
" ðxi; t0Þj2

; ð11Þ

where L/R is the left/right electrodes, and E is the energy of

the propagating wave-packet. t0 is the initial time, and t1 is

an arbitrary time after the spin-flip transmission/reflection

2 The matrix of the left (right) hand side electrode HL (HR) is written

as a semi-infinite matrix in Eqs. 2 and 4. When the wave-packet

simulation is carried out, the matrix size must be finite to obtain the

propagation matrix, but in Green’s function method the matrix size is

correctly semi-infinite, which is taken into account through the

surface Green’s function technique. The finiteness of the matrices in

the wave-packet simulation sometimes causes artificial errors in the

calculations of transmission functions, but we simply avoid the

problem by using a large matrix. The details are described in

Appendix 3.

3 The wave-packet amplitudes calculated in a spin unpolarized one-

dimensional tight-binding chain were assigned to those only for up-

spin sites in the left-electrode of the s-d model. This corresponds to

the initial condition for the antiferromagnetic coupling between the

incoming electron spin and localized spin.
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(e.g., 400 fs in Fig. 2). Executing the time propagation of

the wave-packet within any energy window {E}, we obtain

the process-dependent transmission probabilities as a

function of energy.

Figure 3 shows the calculated transmission probabili-

ties, T:–:(E) and T:–;(E). Both processes show the two

peaks at the energies of -0.15 t and 0.05 t. Since the 2 9 2

matrix for atom S in the basis of s"+ and s#* in Eq. 3 has

-J/4 for the diagonal elements and J/2 for the off-diagonal

elements, the eigenvalues of the singlet and triplet states

are -3J/4 and J/4, respectively. The spin exchange cou-

pling J is 0.2 t in this calculation, and thus, the two peaks in

T correspond to the electron transmission through the sin-

glet and triplet states of the conduction and localized

electron spins. On the other hand, at the mid-gap between

the two eigenlevels (i.e., -J/4), the transmission proba-

bilities show different properties depending on the spin-flip

processes: T:–: shows an abrupt drop, but T:–; a moderate

drop at the energy. Since the wave-packet dynamics in the

present Hamiltonian includes multiple spin-flip scattering

processes at the spin site as "-to-"; "-to-#; "-to-#-to-"; and

so on, a simple analysis of the time propagation of the

wave-packets is not so successful for the understanding of

the precise picture in the spin-flip processes. It is to be

noted that if the lifetime of the conduction electron at the

site of atom S significantly depends on the flip cycle, we

may obtain a transmitted wave-packet showing multiple

peaks, and we may successfully divide the transmitted

wave-packet in terms of the flip cycle. However, such a

situation can appear only for a limited condition depending

on the ratio of J and t0, and thus, the direct division of the

transmitted wave-packet is not a successful way for general

cases. In fact, we did not observe such multiple peaks in the

transmitted wave-packet within the parameter ranges of

0.01 t B J B 0.5 t and 0.01 t B t0 B 0.5 t.

In the present section, we demonstrated the wave-packet

simulations in which the time propagation is governed by the

Hamiltonian. The wave-packet dynamics, therefore, auto-

matically include coherent and incoherent scattering pro-

cesses when the system Hamiltonian includes an interaction

leading to such processes. However, one of the important

points to be investigated more precisely is to understand

what is represented in the wave-packet propagations.

3 Green’s function approach for electron transport

To analyze the spin-flip transport in a well-defined model,

we introduce Green’s function approach in this section. As

we will explain in the later part of this section, we found

that a molecular orbital (MO) concept in electron transport

is useful also for the spin-flip transport. Let us briefly

explain the molecular orbital concept in electron transport

without spin-flips before the analysis of the spin-flip

transport.

3.1 Molecular orbital concept for electron transport

without spin-flips

Here, we introduce a two-site model (molecule) connected

to one-dimensional electrodes, which mimics molecular

junctions. Figure 4 shows the two important contact

structures in the understanding of the MO concept in

Fig. 2 Wave-packet propagations using the tight-binding parameters

of t0 ¼ 0:1t and J = 0.2t. The black arrow is the site of the sandwiched

atom (or molecule) coupled to the localized spin. The time step is set to

be 0.5 fs. (The time scale in the wave-packet propagation is calculated

by assuming that the transfer integral is 2.7 eV and the distance

between the nearest neighbors is 1.4 Å, which are the typical

parameters for carbon. See Appendix 3 for the details.) The squared
amplitudes of wave-packet |w|2 above/below the horizontal axis
correspond to those of conduction electrons with up/down-spin

10-4

10-3

0.01

0.1
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E - Ef (/t )
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T
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Fig. 3 Calculated transmission probabilities for the up-to-up and up-

to-down processes. The total transmission is the sum of the two

processes. The tight-binding parameters are t0 ¼ 0:1t and J = 0.2t
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electron transport: both sites in the molecule are connected

to electrodes as shown in Fig. 4a, and only one site is

connected to the electrodes in Fig. 4b. The matrix elements

in the tight-binding model for these systems are shown as

HA ¼

1
CCCCCCCCCCCCCCA

0
BBBBBBBBBBBBBB@

� � � a1 a2 � � �
..
. . .

. . .
.

. .
.

e0 �t
�t e0 �t0

a1 �t0 ea �t00

a2 �t00 ea �t0

�t0 e0 �t

�t e0
. .

.

..

. . .
. . .

.

;

ð12Þ

and

HB ¼

1
CCCCCCCCCCCCCCA

0
BBBBBBBBBBBBBB@

� � � a1 a2 � � �
..
. . .

. . .
.

. .
.

e0 �t
�t e0 �t0

a1 �t0 ea �t00 �t0

a2 �t00 ea 0

�t0 0 e0 �t

�t e0
. .

.

..

. . .
. . .

.

;

ð13Þ

for the contact structures in Fig. 4(a) and (b), respectively.

e0 and ea are, respectively, the on-site energies of atoms in

the electrodes and in molecule. In the later part of this

section, we will come back to these matrix expressions to

point out the similarity of those between the above and the

spin-flip cases.

In Green’s function approach for electron transport, the

transmission probability T is expressed in terms of the

advanced/retarded Green’s functions GA/R of molecule and

the local density of states q of the apex atom in each

electrode as follows [43].

TrsðEÞ ¼
ð2pt

02Þ2

2
GA

srðEÞGR
rsðEÞqðEÞqðEÞ: ð14Þ

In this expression, we use the fact that the molecule is

connected to each electrode through a single hopping

parameter t0. The Gsr
A/R(E) is a matrix element of the

advanced/retarded Green’s function GA/R(E), which is

represented as GA=RðEÞ ¼ E1�Hmol � RA=R
L � RA=R

R

h i�1

;

where Hmol is the 2 9 2 Hamiltonian matrix in the basis of

a1, a2 in the two site models, and RL=R is the 2 9 2 self-

energy matrix of the left/right electrodes. Since the inter-

action between the molecule and each electrode is repre-

sented by a single hopping t0, the self-energy matrix has a

single non-zero element (e.g., ðRLÞi;j ¼ t
02gelecdijdi1 and

ðRRÞi;j ¼ t
02gelecdijdi2 for Contact A, where gelec is Green’s

function of the electrodes). In the matrix representation of

Green’s function method for electron transport, the trans-

mission probability is calculated as TðEÞ ¼ Tr½ifRR
LðEÞ

�RA
LðEÞgGRðEÞifRR

RðEÞ � RA
RðEÞgGAðEÞ� [44], and by

bearing what we mentioned about the matrix elements, the

expression of T(E) shown in Eq. 14 can be obtained. The

indices r, s in Eq. 14, thereby, correspond to the sites in the

molecule connected to the electrodes, that is, the indices

r, s are, respectively, equal to a1, a2 in Contact A and a1, a1

in Contact B.

Figure 5 shows the calculated transmission probabilities

for Contact A and Contact B. In both cases, the transmis-

sion probabilities show the sharp peaks at the energy of

-1.0 t and 1.0 t, because the eigenvalues of the highest

occupied MO (HOMO) and lowest unoccupied MO

(LUMO) of the sandwiched molecule are -1.0 t and 1.0 t,

respectively. It is to be noted that the tight-binding

parameters for the molecule adopted in the calculation are

t00 = t and ea ¼ e0 ¼ 0: At the mid-gap between the

HOMO and LUMO, on the other hand, the two contacts

show different properties in the transmission probabilities:

the transmission for Contact B drops to zero, whereas

Contact A shows a moderate decrease. To understand these

transmission properties, the analysis of Green’s function

Gsr(E) is quite useful. According to the pioneering study

for electron tunneling by Caroli and co-workers [43],

Green’s function Gsr(E) is given in terms of the unper-

turbed Green’s function Gsr
A/R(E) as

Grs ¼
G
ð0Þ
rs

D
; ð15Þ

where

t’t’

t’’

t t t t

t t t tt’t’

t’’

(a)   Contact A

(b)   Contact B

α1

α1 α2

α2

Fig. 4 One-dimensional tight-binding molecular junctions for the

two site model. The black symbols are the two atoms, a1 and a2, of the

sandwiched molecule. We adopted the nearest-neighbor hoppings in

the electrode, t, at the contact with the molecule, t0, and in the

molecule, t0 0. a Contact A: both atoms in the molecule are attached to

the electrodes. b Contact B: a single atom in the molecule is attached

to the electrodes
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D ¼ ð1� t
02Gð0Þss gelecÞð1� t

02Gð0Þrr gelecÞ
� t

04Gð0Þrs Gð0Þsr gelecgelec: ð16Þ

Here, we dropped the notation of ‘‘retarded/advance’’ and

the energy E for the simplicity. When the electrode–mol-

ecule interaction is weak (i.e., small hopping t0), the

function D can be approximated to 1. Thus, in weak

interaction cases, we can analyze the unperturbed Green’s

function G(0) instead of the perturbed Green’s function G to

figure out the properties involved in Green’s function.

The unperturbed Green’s function of the molecule can

be written in terms of molecular orbitals as

Gð0Þrs ðEÞ ¼
X

k

CrkCsk

E � ek
: ð17Þ

The k-th eigenvalue of the isolated molecule is ek; and its

eigenvector (i.e., orbital coefficient) on the site r is Crk.

Here, we used the fact that the coefficients C0s of the

molecule are real numbers. At the mid-gap between HOMO

and LUMO of the molecule, the two contributions from

HOMO and LUMO are clearly significant terms in G(0). It is

to be noted that this situation is exactly true in the present

two-site model, because we just have the two MOs only,

HOMO and LUMO.

Since the energy differences E � ek appear in the

denominator and the orbital coefficients in the numerator in

G(0), we can readily derive the following orbital relation in

electron transport [39]: (i) large orbital coefficients at the

contact sites, Crk and Csk for k = HOMO or LUMO, lead to

a large transmission probability, and (ii) the opposite sign

between the two terms, Cr HOMO Cs HOMO and Cr LUMO Cs

LUMO, is required for a cooperative contribution from

HOMO and LUMO in the transmission probability at the

mid-gap, because of the denominator E � ek in G(0). In

other words, when the two terms show the same sign, the

contributions from HOMO and LUMO are canceled out at

the mid-gap.

Let us consider the transmission probability of the two-

site model with respect to the orbital rules. The orbital

phases of HOMO and LUMO of the two-site molecule are

shown in Fig. 6. In this model, the amplitude of the orbital

coefficients is 1/H2, regardless of the site and eigenlevel.

Thus, the orbital rule we have to take care is rule (ii) in the

present model. In Contact A, the sites connected to the

electrodes are a1 and a2. The numerator in G(0) for HOMO,

Ca_1HOMO Ca_2HOMO, is a positive number, but for LUMO,

Ca_1LUMO Ca_2LUMO is a negative number. This is the case

of the cooperative contribution for the electron transmis-

sion at the Fermi level, leading to the moderate decrease in

transmission at the Fermi level as shown in Fig. 5. In

Contact B, on the other hand, the site connected to the

electrodes is a1 only, and the terms Ca_1HOMO Ca_1HOMO

and Ca_1LUMO Ca_1LUMO have the same sign (i.e., positive)

and the same value. Thereby the unperturbed Green’s

function G(0) at the Fermi level is exactly zero, resulting in

the sharp drop of transmission probability at the Fermi

level, as shown in Fig. 5. This is the molecular orbital

concept available for the understanding of electron trans-

port in spinless systems. The applications of the orbital

rules for electron transport in more complicated molecules

can be found elsewhere [39, 45–52].

3.2 Orbital concept for the spin-flip transport

The orbital concept introduced in the previous part is also

useful for spin polarized cases if there are no spin-flip

processes, because we can write down the matrix elements

for each spin independently. However, when spin-flip

processes are allowed by the spin exchange coupling, the

matrix elements are not divided into submatrices in terms

of up- or down-spins any more. For example, such a

division of the whole matrix in Eq. 1 will fail, because of

the off-diagonal element in the basis of s"+ and s#*:

However, focusing our attention on the spin directions of

transmitted electrons in the right electrode (i.e., the drain

electrode), we found that the division of the whole matrix

in terms of the spin-flip processes is convenient in the

10-4

10-5

10-6

10-7

10-3

0.01

0.1

1

-2 -1 0 1 2

E - Ef (/t)

Tr
an

sm
is

si
on

Fig. 5 Calculated transmission probabilities for the two contact

cases, Contact A and Contact B. The tight-binding parameters used in

this calculations are t0 = 0.1 t, t0 0 = t, and ea ¼ e0 ¼ 0

α1 α2

HOMO

LUMO

Fig. 6 Orbital phases of HOMO and LUMO of the two site molecule.

The black symbol means a positive coefficient, and the white negative
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understanding of the spin-flip transport: (i) "-to-" without

the spin-flip for the transmitted electron spin and (ii) "-to-#
through the spin-flip for the transmitted electron spin. It is

worth mentioning that there are many possibilities for the

division pattern of the whole matrix (e.g., "-to-#-to-" is

also possible), but we found the two divisions are useful for

the understanding of the spin-flip transport as described in

this section.

The whole matrix in Eq. 1 is thus divided into the fol-

lowing submatrices.4

H
ð1Þ
s"�# ¼

1
CCCCCCCCCCCCCCA

0
BBBBBBBBBBBBBB@

� � � s� 2" s� 1" s"+ s#* sþ1# sþ2# � � �
..
. . .

. . .
.

s� 2"
. .

.
e0 �t

s� 1" �t e0 �t0

s"+ �t0 �J
4

J
2

s#*
J
2

�J
4

�t0

sþ1# �t0 e0 �t

sþ2# �t e0
. .

.

..

. . .
. . .

.

;

ð18Þ

and

H
ð1Þ
s"�" ¼

1
CCCCCCCCCCCCCCA

0
BBBBBBBBBBBBBB@

� � � s� 2" s� 1" s"+ s#* sþ1" sþ2" � � �
..
. . .

. . .
.

s� 2"
. .

.
e0 �t

s� 1" �t e0 �t0

s"+ �t0 �J
4

J
2

�t0

s#*
J
2

�J
4

0

sþ1" �t0 0 e0 �t

sþ2" �t e0
. .

.

..

. . .
. . .

.

:

ð19Þ

The matrices H
ð1Þ
s"�# and H

ð1Þ
s"�" are exactly equal to HA and

HB, respectively, by replacing the tight-binding parameters

ea in Eqs. 12 and 13 with -J/4, and -t00 in Eqs. 12 and 13

with J/2.

Replacing these parameters and recalculating the trans-

mission probabilities using Green’s function approach, we

obtained the transmission probabilities in "-to-" and "-to-#
processes, as shown in Fig. 7. In spite of the simple matrix

division, the correspondence between the transmission

probabilities in the wave-packet propagation and those in

Green’s function is quite well, except for the transmission

at the resonance levels (-0.15 t and 0.05 t) and at the anti-

resonance level (- 0.05 t) in the "-to-" transport. Although

we cannot obtain a quantitative agreement in transmission

probabilities at the resonance/anti-resonance levels,

Green’s function approach can capture the spin-flip trans-

port properties qualitatively: (1) the peaks appear at the

eigenlevel of the singlet and triplet states, (2) the "-to-#
transport shows a moderate decrease at the anti-resonance

level, and (iii) the "-to-" transport shows an abrupt drop at

the anti-resonance level. Referring to the orbital concept

for the coherent electron transport described in the two-site

model, we can conclude that the moderate decrease in "-to-

# transport at the anti-resonance level is the result of a

coherent-and-cooperative contribution from the singlet and

triplet states of the conduction and localized electron spins,

and that, the abrupt drop in "-to-" transport at the anti-

resonance level is mainly caused by the coherent cancel-

lation from the singlet and triplet states.

3.3 Spin-flip transport including quasi-incoherent

processes in Green’s function approach

The discrepancies between the wave-packet propagation

and Green’s function approach appear only at the resonant/

anti-resonant peaks. Since the lifetime at the resonant level

is much longer than that at no-resonant level, we can

speculate that the incoherent multiple spin-flips occur at

these levels. In addition, the approximation made in the

previous part includes a clear shortcoming that the division

of the whole processes into the "-to-" and "-to-# processes

eliminates the interference between the two processes. In

general, to take the incoherent and interference effects into

account in Green’s function approach, we can introduce

fictitious probes by assuming an appropriate self-energy

[44].

In the present s-d Hamiltonian divided into the "-to-#
and "-to-" processes, H

ð1Þ
s"�# and H

ð1Þ
s"�"; the interference

between the divided two processes can be included in

Green’s function by assuming a fictitious interaction

t0 between the spin sites and fictitious probes. In fact, the

matrix division into the "-to-" and "-to-# processes was

carried out by neglecting the single interaction t0, 4 that is,

the 2 9 2 self-energy matrix for the spin sites Rs has a

single non-zero element as

Rs
s"+

� �
i;j
¼ t

02gelecdijdi1; Rs
s#*

� �
i;j
¼ t

02gelecdijdi2ðfor " to #Þ;

ð20Þ

and

Rs
s"+

� �
i;j
¼ t

02gelecdijdi2; Rs
s#*

� �
i;j
¼ t

02gelecdijdi2ðfor " to "Þ:

ð21Þ

Using the self-energies, each spin site (i.e., s "+ or s #*) is

connected to the two probes in both processes, and thereby,

4 For the "-to-# case, we picked up the matrix elements in Hs relating

to the "-to-# process by neglecting the matrix element

ðHsÞs";+; sþ1"ð¼ �t0Þ and for the "-to-" case by neglecting the matrix

element ðHsÞs#;*; sþ1#ð¼ �t0Þ:
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the system can be regarded as a symmetric four probe

system. The Green’s function including the four self-

energies in total (i.e., the four-terminal Green’s function) is

G
A=R
4 ðEÞ ¼ E1�H

ð1Þ
spin�RA=R

L �RA=R
R �Rs;A=R

s"+ �Rs;A=R
s#*

h i�1

;

ð22Þ

where Hspin
(1) is the 2 9 2 matrix for the basis of s "+ and

s #* in Eqs. 18 and 19.

Figure 8a shows the calculated transmission probabil-

ity using the four-terminal Green’s function; the same

tight-binding parameters in Figs. 3 and 7 were again

adopted. In both of the "-to-" and "-to-# processes, the

discrepancies at the resonance levels (-0.15 t and 0.05 t)

completely disappear in the four-terminal Green’s func-

tion calculations. In addition, the zero of the transmis-

sion in the two-terminal Green’s function at the anti-

resonance level (- 0.05 t) for the "-to-" process is also

significantly improved to be a small non-zero number,

1.5 9 10-3, being almost identical to the value from the

wave-packet propagation. These improvements clearly

indicate that the incoherent or interference effects in the

spin-flip processes are effectively included in the four-

terminal Green’s function through the self-energies from

the fictitious probes defined in Eqs. 20 and 21. It is

worth mentioning that there are no fitting parameters for

the fictitious probes in the present four-terminal Green’s

function.

In order to confirm the applicability of the four-terminal

Green’s function for the spin-flip transport, we calculated

the transmission probabilities using different tight-binding

parameters J and t0. Figure 8b, c show the calculated

transmission probabilities using J = 0.4 t and J = 0.05 t,

respectively, together with the hopping parameter t0 = 0.1 t,

to investigate the J dependence.5 The correspondences

between the four-terminal Green’s function approach and

wave-packet propagations are excellent, as can be seen in

Fig. 8a. In order to check the weak and strong coupling

cases for the hopping parameter t0 between the molecule and

electrodes, we calculated transmission probabilities using

(J, t0) of (0.5 t, 0.5 t) for the strong coupling and (0.05 t, 0.05

t) for the weak coupling. Excellent agreements were again

obtained in these cases. It is to be noted that the slight

difference for the "-to-" transport at the anti-resonance level

in the weak coupling case (Fig. 8e) is merely caused by the

lack of the extremely fine energy mesh in the wave-packet

propagation.

The transmission probabilities shown in Fig. 8 are the

transmission functions for the direct term from the left to

right electrodes: TLRðEÞ ¼ Tr i RR
LðEÞ � RA

LðEÞ
� �

GR
4 ðEÞ

�

i RR
RðEÞ � RA

RðEÞ
� �

GA
4 ðEÞ�: That is, the transmission func-

tions does not include the correction terms [44] repre-

senting the transmission from the fictitious probes to the

realistic ones and vice versa. However, the transmission

functions are the ones reproducing the transmission prob-

abilities from the wave-packet propagations. This means

that the present wave-packet propagations do include

incoherent spin-flip processes partially, quasi-incoherent

processes. In other words, the electron exchanges between

the realistic system and fictitious electron reservoir, which

definitely destroy the coherency, are not included in. This

situation is probably comprehensible according to the fol-

lowing observation that there are no ambiguous terms

leading to randomized phase-breaking processes in the

wave-packet propagations based on the s-d Hamiltonian.

This observation will in turn inspire us so as to include

many-body effects in the spin-flip transport (i.e., Kondo

effects) by assigning realistic chemical potentials to the

fictitious reservoirs and by including the correction terms

representing the transmission from the fictitious reservoirs

to the realistic systems. The issue will be investigated in

the near future.

10-4

10-3

0.01
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1

E - Ef (/t)
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Fig. 7 Calculated transmission probabilities for the "-to-" and "-to-#
processes in Green’s function approach (G) and in wave-packet

propagation (WP). The tight-binding parameters adopted in the

calculations are the same used in Fig. 3 (t0 = 0.1 t, J = 0.2 t)

5 When the molecule is in an isolated situation, we can use the spin-

orbit interaction for the calculations of J. However, the molecular

junction in which the spin-flip is caused by the incoming electrons

from an electrode is clearly different from an isolated molecule in

which an electron leading to the spin-flip is stationary captured by the

molecule. That is, even when we adopted the spin-orbit interaction,

the applicability of the strategy is still ambiguous for the present

target. Thus we adopted the s-d Hamiltonian as the first step in this

study because the Hamiltonian is clearly constructed from the

conduction s-electrons and localized spin on the d-level. To

investigate the parameter dependence on the spin-flip transport, we

simulated the spin-flip dynamics using a strong/weak spin-spin

interaction J with a strong/weak electrode-molecule coupling t0, as

shown in Fig. 8.

782 Theor Chem Acc (2011) 130:775–788

123



4 Summary

We investigated the spin-flip transport in a simple one-

dimensional tight-binding chain including a localized spin

on the basis of the wave-packet dynamics and Green’s

function approach. The spin exchange coupling J between

the conduction and localized electron spins was taken into

account through the s-d Hamiltonian. The wave-packet

propagations were carried out using the Crank-Nicholson

scheme, and the spin transmission probabilities for the

incoming polarized electron (up-spin) at the source elec-

trode were calculated by assuming the anti-ferromagnetic

coupling between the conduction and localized electron

spins. From the wave-packet dynamics, we obtained the

transmission probabilities depending on the spin directions

at the drain electrode: the "-to-" process for the incoming

up-spin transmitted as the outgoing up-spin, and the "-to-#
process for the incoming up-spin transmitted as the out-

going down-spin. We found in the wave-packet simulations

that the transmission probabilities in both processes show

large peaks at the eigenlevels of the spin singlet (-3J/4)

and triplet (J/4) states, and that, the transmission proba-

bilities show different properties depending on the spin-flip

processes at the mid-gap (anti-resonance level) of the two

eigenlevels: the "-to-" process shows an abrupt drop, but

the "-to-# process a moderate drop at the energy. Referring

to the orbital concept for the coherent electron transport in

a molecular junction on the basis of the two-terminal

Green’s function approach, we can qualitatively understand

that the moderate decrease in "-to-# transport at the anti-

resonance level is the result of a coherent-and-cooperative

contribution from the singlet and triplet states of the con-

duction and localized electron spins, and that, the abrupt

drop in "-to-" transport at the anti-resonance level is

mainly caused by the coherent cancellation from the singlet

and triplet states.

To achieve more quantitative understandings for the

spin-flip dynamics, we introduced a four-terminal Green’s

function, in which two fictitious probes were introduced to

represent the incoherent and/or interference effects

between the "-to-" and "-to-# processes. We defined the

self-energies for the fictitious probes without ambiguity,

and successfully obtained excellent correspondences in

transmission probabilities between the four-terminal

Green’s function approach and wave-packet dynamics,

regardless of the tight-binding parameters. Since the

transmission functions calculated in the four-terminal

Green’s function approach include the incoherent spin-flip

processes partially, we can conclude that the present wave-

packet propagations correspond to quasi-incoherent spin-

flip simulations. We finally proposed that a standard

treatment of the fictitious probes by assigning realistic

chemical potentials to those in the four-terminal Green’s

functions has a possibility to be a simple theoretical tool for

the spin-dependent electron transport, including many-

body effects. We believe that our findings on the spin-flip

transport will be the basic for the understanding of the spin-

dependent transport in molecular spin junctions, and that, it

serves the basic model for the molecular spin design in

single molecular junctions.
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Appendix 1: s-d Hamiltonian

The one-dimensional system adopted in this study is

composed of electrodes and a localized electron spin. This

system, thus, can be regarded as a metal including a single

impurity spin. The Anderson Hamiltonian is an appropriate

model to investigate the magnetic property of the metal

with impurities, and we use the Anderson Hamiltonian to

derive the s-d Hamiltonian, which is the story introduced in

the book by Shiba [53]. The Anderson Hamiltonian is

written as

H ¼
X

kr

ekc
y
krckr þ

X
r

edndr þ Und"nd#

þ 1ffiffiffiffiffiffi
NA

p
X

kr

Vkc
y
krdr þ h.c.

� �
: ð23Þ

The first term represents the Hamiltonian of conduction

electrons in electrodes, and ed in the second term is the

impurity d-level. The on-site energy U in the third term

represents the coulomb interaction when the impurity

d-level is occupied by two electrons. The forth term is the

interaction between the orbitals in electrodes and the

impurity. c
y
r and d

y
r ðcr and dr) are the creation

(annihilation) operators of an electron with spin r in the

electrodes and impurity level, respectively; ndr is the

number operator, d
y
r dr; and NA is the total number of

atoms. To investigate physical properties of the system

described with the Anderson Hamiltonian, there are two

standard approaches: (1) the third term in Eq. 23 is

considered as a perturbation, and (2) the fourth term in

Eq. 23 is considered as a perturbation. The latter approach

is more suitable for the present one-dimensional model

including a single localized spin, that is, the unperturbed

Hamiltonian H0 and perturbation term HI are
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H0 ¼
X

kr

ekc
y
krckr þ

X
r

edndr þ Und"nd#; ð24Þ

and

HI ¼
1ffiffiffiffiffiffi
NA

p
X

kr

Vkc
y
krdr þ h.c.

� �
; ð25Þ

respectively. The unperturbed Green’s function G0(E) and

perturbed Green’s function G(E) can be represented as

(E - H0)-1 and (E - H)-1, respectively. Using the relation

ðA� BÞ�1 ¼ A�1 þ A�1BA�1 þ A�1BA�1BA�1 þ � � � ; we

straightforwardly obtain the perturbed Green’s function in

terms of G0 and HI as

G ¼ G0 þ G0HIG0 þ G0HIG0HIG0

þ G0HIG0HIG0HIG0 þ � � � :
ð26Þ

This is useful to define the effective Hamiltonian of the

perturbation term.

Let us firstly consider the system in which the d-level is

occupied by an electron and investigate the effects from the

interactions between the d-level and conduction levels. The
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Fig. 8 Calculated transmission

probabilities for the "-to-" and

"-to-# processes in the four-

terminal Green’s function

approach (G4) and in wave-

packet propagation (WP). The

tight-binding parameters

adopted in these calculations are

a J = 0.2 t, t0 = 0.1

t, b J = 0.4 t, t0 = 0.1

t, c J = 0.05 t, t0 = 0.1

t, d J = 0.5 t, t0 = 0.5 t, and

e J = 0.05 t, t0 = 0.05 t
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unperturbed states are represented as d
y
" jFi and d

y
# jFi;

where jFi indicates conduction electrons occupying the

levels ek up to the Fermi level. When we consider the first-

order process HI (i.e., Vkc
y
krdrÞ with respect to the unper-

turbed states d
y
" jFi and d

y
# jFi; we can easily find that the

expectation values of the first-order process are vanished

because of the following relations: drjFi ¼ 0 and hFjdyr ¼
0: For example, the first-order term for d

y
" jFi has the form

of hFjd"cykrdrd
y
" jFi or hFjd"dyr ckrd

y
" jFi: The observation

allows us to rewrite the perturbed Green’s function as

G ¼ G0 þ G0HIG0HIG0 þ G0HIG0HIG0HIG0HIG0 þ � � � :
ð27Þ

Defining the second-order term HI G0 HI as HI
eff, we obtain

G ¼ G0 þ G0Heff
I G0 þ G0Heff

I G0Heff
I G0 þ � � � : ð28Þ

This is the perturbed Green’s function for the Hamiltonian

of H0 ? HI
eff. Thus, we consider the second-order pro-

cesses HI G0 HI to obtain the explicit form of the effective

Hamiltonian. It is to be noted that the unperturbed Green’s

function G0 is a function of energy E, and the energy

dependence in the effective Hamiltonian HI G0 HI is not

convenient for general use. However, the perturbed states

in which the energy is close to the unperturbed energy

E0ð¼
Pocc

k0 ek0 þ ed) are well mixed with the unperturbed

state, and the effective Hamiltonian derived from HI G0(E0)

HI can be recognized as a reasonable one.

Let us next consider the explicit form of the second-

order process. There are two types for the intermediate

states in which zero/two electrons occupy the d-level. For

the zero occupation case with the initial state of d
y
" jFi; we

have

1

E0 � H0

Vc
y
k"d"d

y
" jFi ¼

1

ed � ek
Vc
y
k"jFi; ð29Þ

where we use the anticommutator relation of Fermions

(e.g., ½ck; c
y
k0 �þ ¼ dk;k0) and the fact H0c

y
k"d"d

y
" jFi ¼

ð
Pocc

k0 ek0 þ ekÞcyk"d"d
y
" jFi: Operating HI at the left-hand

side of Eq. 29, we obtain

V d
y
" ck}" þ d

y
# ck}#

� � 1

ed � ek
Vc
y
k"jFi

¼ V2

ed � ek
d
y
" ck}"c

y
k" þ d

y
# ck}#c

y
k"

� �
jFi

¼ V2

ed � ek
dk;k}d

y
" � c

y
k"ck}"d

y
" � c

y
k"ck}#d

y
#

� �
jFi: ð30Þ

Since the expectation value of the process is obtained by

applying hFjdr at the left-hand side of Eq. 30, we readily

confirm the second-order processes have non-zero

expectation values.

For the initial state of d
y
# jFi in the zero occupation case,

we have

1

E0 � H0

Vc
y
k#d#d

y
# jFi ¼

1

ed � ek
Vc
y
k#jFi; ð31Þ

and obtain the following expression by operating HI at the

left-hand side of Eq. 31 as

V d
y
" ck}" þ d

y
# ck}#

� � 1

ed � ek
Vc
y
k#jFi

¼ V2

ed � ek
d
y
" ck}"c

y
k# þ d

y
# ck}#c

y
k#

� �
jFi

¼ V2

ed � ek
dk;k}d

y
# � c

y
k#ck}"d

y
" � c

y
k#ck}#d

y
#

� �
jFi: ð31Þ

For the doubly occupation case with the initial states of

d
y
" jFi and d

y
# jFi; we, respectively, have

V c
y
k0"d" þ c

y
k0#d#

� � 1

ek � ed � U
Vd
y
# ck#d

y
" jFi

¼ V2

ek � ed � U
�c
y
k0"ck#d

y
# þ c

y
k0#ck#d

y
"

� �
jFi; ð33Þ

and

V c
y
k}"d" þ c

y
k}#d#

� � 1

ek � ed � U
Vd
y
" ck"d

y
# jFi

¼ V2

ek � ed � U
�c
y
k}#ck"d

y
" þ c

y
k}"ck"d

y
#

� �
jFi: ð34Þ

From Eqs. 30, 32–34, we obtain the expression of the

effective Hamiltonian with respect to jFi as

V2

ed � ek
dk;k}d

y
" � c

y
k"ck}"d

y
" � c

y
k"ck}#d

y
#

�

þ dk;k}d
y
# � c

y
k#ck}#d

y
# � c

y
k#ck}"d

y
"

�

þ V2

ek � ed � U
�c
y
k}"ck#d

y
# þ c

y
k}#ck#d

y
"

�

� c
y
k}#ck"d

y
" þ c

y
k}"ck"d

y
#

�
: ð35Þ

Since this Hamiltonian is derived using the singly occupied

d-level (i.e., d
y
" jFi and d

y
# jFi), the creation operators for

the d-level must be replaced with the number operators for

general use. The effective Hamiltonian, thus, can be

represented as
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Heff
I ¼

1

NA

X
k;k}

V2

ed � ek
�c
y
k"ck}"d

y
" d" � c

y
k"ck}#d

y
# d"

�


� c
y
k#ck}#d

y
# d# � c

y
k#ck}"d

y
" d
y
#

�

þ V2

ek � ed � U
�c
y
k}"ck#d

y
# d" þ c

y
k}#ck#d

y
" d"

�

� c
y
k}#ck"d

y
" d# þ c

y
k}"ck"d

y
# d#

�i
; ð36Þ

where we omitted several terms that do not include the

operators of conduction electrons for simplicity. Using the

relations for the number counting and spin-flip operators,

ndr ¼ d
y
r dr; Sþ ¼ d

y
" d#; and S� ¼ d

y
# d"; we have

Heff
I ¼

1

NA

X
k;k}

V2

ed � ek
�c
y
k"ck}"nd" � c

y
k"ck}#S�

�


� c
y
k#ck}#nd# � c

y
k#ck}"Sþ

�

þ V2

ek � ed � U
�c
y
k}"ck#S� þ c

y
k}#ck#nd"

�

� c
y
k}#ck"Sþ þ c

y
k}"ck"nd#

�i
: ð37Þ

Since the energy difference between ek and the Fermi level

is smaller than ed and ed þ U; the effective Hamiltonian

can be written as

Heff
I ¼

1

NA

X
k;k}

V2 � 1

ed
� 1

edþU

� �
� c
y
k"ck}" þ c

y
k#ck}#

� �


� nd" þ nd#Þ
�

þV2 � 1

ed
þ 1

edþU

� �
c
y
k"ck}#S� þ c

y
k#ck}"Sþ

� �

:

ð38Þ

Using the condition nd : ? nd ; = 1, we reasonably obtain

the effective Hamiltonian as

Heff
I ¼

1

NA

X
k;k0;r

V2

2
� 1

ed
� 1

ed þ U

� �
c
y
krck0r

þ 1

NA

X
k;k0;r;r0

V2 � 1

ed
þ 1

ed þ U

� �
c
y
kr rr;r0ck0r0 � S;

ð39Þ

where r is the Pauli matrix,

rx ¼
! " #

" 0 1

# 1 0
;ry ¼

! " #
" 0 �i

# i 0
;rz ¼

! " #
" 1 0

# 0 �1
;

ð40Þ

and we use the following relations, S? = Sx ? i Sy and

S- = Sx - i Sy. The first term represents the potential

scattering process that are independent of the spin-

direction. The second term represents the spin-dependent

scattering processes including spin-flip processes.

Regarding the term �2V2 � 1
ed
þ 1

edþU

� �
as the spin-spin

interaction J, we finally obtain the s-d Hamiltonian as

Hs�d ¼ �
J

2NA

X
k;k};r;r0

c
y
krrr;r0ck}r0 � S: ð41Þ

From the s-d Hamiltonian, we easily obtain the matrix

elements in the spin sub-space as follows:

Hsd ¼

1
CCA

0
BB@

"* #+ "+ #*
"* J

4
0 0 0

#+ 0 J
4

0 0

"+ 0 0 � J
4

J
2

#* 0 0 J
2
� J

4

: ð42Þ

It is to be noted that the factor NA is taken into account

through the normalized amplitudes in the wave packets.

Appendix 2: The Crank-Nicholson scheme

The time-dependent Schrödinger equation is

i
ow
ot
¼ Hw; ð43Þ

and the formal solution of the equation is

wðx; tÞ ¼ e�iHtwðx; 0Þ: ð44Þ

When we introduce the finite grid for time with the interval

of Dt; the wave function after the time propagation of Dt

can be written as

wðx; t þ DtÞ ¼ ð1� iHDtÞwðx; tÞ: ð45Þ

This is accurate up to the first order in time. However, it is

well known that the strategy in Eq. 45 is numerically

unstable and the time propagation operator is not unitary.

To avoid these difficulties, we consider the time

propagation in the reverse direction, t ? Dt! t: In this

case, we have the following relation:

wðx; tÞ ¼ ð1þ iHDtÞwðx; t þ DtÞ: ð46Þ

Using Eqs. 45 and 46, the wave function at t þ Dt=2 is

written as

wðx; t þ Dt=2Þ ¼ ð1� iHDt=2Þwðx; tÞ ð47Þ

and

wðx; t þ Dt=2Þ ¼ ð1þ iHDt=2Þwðx; t þ DtÞ: ð48Þ

Eliminating the term wðx; t þ Dt=2Þ using Eqs. 47 and 48,

we obtain
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ð1þ iHDt=2Þwðx; t þ DtÞ ¼ ð1� iHDt=2Þwðx; tÞ; ð49Þ

and thereby

wðx; t þ DtÞ ¼ ð1� iHDt=2Þ
ð1þ iHDt=2Þwðx; tÞ: ð50Þ

We can easily confirm that the time propagation operator
ð1�iHDt=2Þ
ð1þiHDt=2Þ is unitary and that the time propagation is accu-

rate up to the second order in time using the standard

mathematical relations: eA ¼ 1þ Aþ 1
2! A

2 þ � � � and

ð1þ AÞ�1 ¼ 1� Aþ A2 � A3 � � � :

Appendix 3: The computational conditions for wave-

packet simulations

There are two important computational conditions for wave-

packet simulations: (1) the energy resolution in the wave-

packet simulation must be quite fine in order to compare the

results with those from Green’s function method and (2) we

have to take care that an artificial reflection of the wave-

packet at the left-/right-hand edge of the one-dimensional

chain does not affect the true dynamics of the wave-packet

scattered by the localized spin. As for the first point, the

Gaussian type of wave-packet is adopted in this study, and

thereby, the wave-packet is spatially well broadened when

the energy of the wave-packet is finely focused on a certain

value. This is very important for the calculations of the

transmission functions from wave-packet dynamics as a

function of energy. We tested several Gaussian wave-pack-

ets having different broadening width and consequently

found that the wave-packet with broadening width of 1,200

sites or more is sufficient for the calculations of transmission

functions and for the comparison with Green’s function

results. As for the second point, we have to recognize that the

firstly reflected wave-packet at the central spin site will

arrive at the left-hand edge of the one-dimensional chain and

in turn propagates again toward the spin site. If a portion of

the wave-packet is trapped on the spin site (this will be

probable for the weak interaction between the electrode and

molecule), an artificial superposition between the trapped

wave-packet and re-reflected wave-packet occurs. Since we

calculate the transmission probabilities from the transmitted

wave-packet at the right electrodes, the artificial superposi-

tion will cause the artificial errors in transmission functions.

We of course take care about the reflection of the transmitted

wave-packet at the right-hand edge, too. To avoid the arti-

ficial errors caused by the re-reflected wave-packets at the

left-/right-hand edge, we simply adopted a large number of

sites, 20,000 in this study, and confirmed the model size is

sufficient for the present purpose.

As for the unit of simulation time, we determined the

unit as follows: (1) we first assumed that each site in

electrodes corresponds to a carbon atom, and second that

the transfer integral t of 1 corresponds to 2.7 eV, which is a

typical value in the carbon 2 pp network; (2) we calculated

the Fermi velocity from the energy band dispersion in the

one-dimensional carbon chain, using the carbon–carbon

bond distance of 1.4 Å; and (3) we determined the velocity

of the right-moving wave packet at the Fermi level (i.e., the

unit of simulation time) so as to be identical to the Fermi

velocity calculated in Step 2.
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